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Abstract
Holstein-Primako mapping for pairs of bosons is extended in order to accommodate single
boson mapping. This extension puts the boson expansion of bosonic models on a rm ground and
eases its applications, as to nite temperature, for instance. The new mapping is applied to the
anharmonic oscillator with global O(N + 1) symmetry broken down to the O(N). It is shown that
it delivers ideal boson images for the N -Goldstone modes. This result is inaccessible to the usual
bosonic Holstein-Primako mapping.
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1 Introduction
Boson expansion theory (BET) has played a signicant role in our understanding of the notoriously
complex nuclear problem. Starting with the pioneering work of Marumori and co-workers[1], Belyaev
and Zelevinsky [2], the interest in this subject has culminated in the eighties through the formulation
of the interacting boson model [3]. Of particular interest, not only to the nuclear many-body problem,
but to quantum eld theory (QFT) as well, is the perturbative boson expansion (PBE) approach.
An extensive use was made of it in nuclear physics, in order to extract anharmonicities beyond the
Random Phase Approximation (RPA) (see ref.[4] for a review). On the other hand, its application to
QFT didn’t attract much attention and remained as such in its infancy.
Breaking with this trend, the Holstein-Primako mapping for boson pairs, rst introduced in [5, 6],
was applied recently to the O(N) vector model [7]. It was demonstrated that the mapping is able to
sort-out systematically the dynamics according to the 1/N -expansion, matching by this the eciency
of the functional methods. Furthermore, by tuning up the model into its spontaneously broken phase,
one could take advantage of the powerful machinery, developed for the PBE approach, in the case of
deformed systems. As such, the Goldstone theorem as well as the whole hierarchy of Ward identities
were exactly enforced.
However, the PBE in general, and Holstein-Primako mapping (HPM) in particular [8], rely on the
bosonisation of pairs of particles. Therefore, images for particle pairs are generated in an ideal Fock-
space, while single particle images are absent after mapping. This problematic has been appreciated
for the fermionic case in the early days of the boson expansion theory. Marshalek has proposed an
extension of HPM for fermions in order to allow a perturbative boson expansion for both even and
odd nuclei [9]. In the present letter, I would like to pinpoint the occurrence of the same problematic
in the case of the PBE for pure bosonic models.
The need for an extended bosonic HPM for single bosons revealed clearly itself in [7]. The lack for
ideal single boson states was an obstacle for dening unambiguously the two-point function for the
Goldstone mode. This diculty was circumvented in [7], because the evaluation of the dynamics was
limited to the leading order of the 1/N -expansion. For the next-to-leading calculation, on the other
hand, an extended version of the HPM is mandatory.
Finite temperature application of the PBE approach is another issue where an extended HPM to single
bosons is denitely needed as well. Elaboration on this point will be left for a coming publication. In
the following, I would like to sketch a heuristic derivation of an extended version of HPM for bosons. I
propose as well an application to the O(N + 1) anharmonic oscillator which shows, in clear departure
from the usual HPM, the capacity of this new mapping in delivering states for single boson images
having the right asymptotic energies.
1
2 Extended Holstein-Primakoff Mapping
As a starting point, consider the algebra of the non-compact Sp(4) group. A rst realization can be
achieved by introducing two boson creation and annihilation operators : a, a+, b, b+. These are then
paired in all possible ways to produce the ten group generators, as shown on the left panel of gure 1.
In the early seventies, Evans and Kraus [10] proposed a mapping for the ten bilinears, built in a
similar way out of fermionic creation and annihilation operators. These are the ten generators which
span the SO(5) algebra isomorphic to the algebra of the compact Sp(4) group. In a separate work,
Klein, Cohen, Li, Rafelski, and Rafelski derived a similar mapping [11, 12], using a slightly dierent
approach to the problem. In the present letter, I will rather follow ref. [11], in deriving a mapping for
the ten generators, this time, of the non-compact Sp(4) group.
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Figure 1: The left panel illustrates the subgroup structure of the non-compact Sp(4) group. Among these
are two sets which span two commuting Sp(2) algebras. The number conserving bilinears span a closed U(2)
algebra. The remaining bilinears, a+b+ and ab, on the other hand, do not belong to any non trivial subgroup
of Sp(4). The right panel shows the semidirect product group Sp(2)⊗N(1). The identity generator 1d results
from the contraction of pairs of b operators. The contraction is understood in the sense of Ino¨nu¨-Wigner [13]
or Saletan [14]. It is not constructed explicitly here, but simply evoked to give an intuitive picture.
Essentially, one rst realizes that the six generators of the two commuting Sp(2) algebras can be
mapped via the usual HPM. The dicult task lies, actually, in nding an adequate mapping for the
generators a+b+ and ab, which allows one to close of the full Sp(4) algebra. As there is no room going
into more details, the reader is invited to consult reference [11] for a similar derivation. Introducing
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where n1, n2, and m are occupation number operators dened by
m = α+α , ni = A+i Ai (i = 1, 2) . (2)
The sign plus inside the Holstein-Primako square-root indicates the non-compact character of the








where r is a constant which is xed using physical conditions as will be discussed in the next section.
This result is not the main purpose of the present note. However, it brings us half a way towards our
target. As stated in the introduction, one wishes to extend the usual HPM for boson pairs, in such a
way to allow the mapping of single bosons, as well. In other words, and following the wisdom of the
original Belyaev-Zelevinski approach, one needs to achieve a realization of the following algebra
aa , a+a+

= 2 + 4 a+a ,
aa , a+a

= 2 aa ,
a , a+a+

= 2 a+ ,
a , a+a

= 2 a , (4)
where all other possible commutations are assumed but not explicitly shown here. This is nothing
but the algebra of the semidirect product group Sp(2) ⊗N(1). The rst two commutation relations
in eq.(4) remind us of the Sp(2) algebra, and as such, one can propose the bosonic HPM as a second
realization for it. Here again, the diculty lies in nding an adequate mapping for the single bosons so
as to close the algebra above. A way out is to notice that by considering a limit in which the operator
b and b+ are transformed into the identity operator, one can ultimately shrink the whole Sp(4) group
to a non isomorphic semi-direct group Sp(2) ⊗ N(1). This singular transformation, which can be
thought of as a contraction a la Ino¨nu¨-Wigner or Saletan, gives a clear hint on how to proceed with
the desired extension. Indeed, the single bosons can be deduced from the contraction of the generators
a+b+, ab, a+b, and ab+ down to the generators a and a+. With this intuitive picture in mind, one




2 + 4(n1 +m)A1 , (a+a+)I = (aa)+I , (a
+a)I = 2n1 + m ,
(a)I =
q
2 + 4(n1 +m) Γ1(m)α + 2α+A1 Γ1(m) , (a+)I = (a)+I , (5)










Here too z1 is a constant which will be xed using physical conditions as will be explained in the
next section. It is straightforward to verify, through a direct evaluation of the commutators in eq.(4),
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that this is indeed a faithful realization. This closes our considerations concerning the mapping. In
the next section, it will be extended to the interesting case of N oscillators and used to sort-out the
1/N -expansion.
3 The O(N + 1) Anharmonic Oscillator
As an application, let us consider the anharmonic oscillator with an O(N +1) symmetry broken down






















i2 −pNηXσ . (7)
Here we have considered an explicit (η 6= 0) and a spontaneous (hXσi 6= 0) symmetry breaking along

















(b+ − b) . (8)
The frequency, Eσ, of the mode Xσ will be xed later. The subscripts pi and σ are used in analogy
with the linear σ-model in QFT, where these modes stand for the pion and sigma elds respectively.
To sort-out the dynamics according to the 1/N -expansion, one needs to adapt the mapping derived
in the previous section to the situation of N oscillators. This can be done in a straightforward way.
It can be shown that the mapping in this case takes the form
(~a~a)I =
q
2N + 4(n1 +m)A1 , (~a+~a)I = 2n1 + m , (~a+~a+)I = (~a~a)+I ,
(ai)I =
q
2N + 4(n1 +m) ΓN (m)αi + 2α+i A1 ΓN (m) , (a
+
i )I = (ai)
+
I , (9)




i αi, while ΓN is a generalization of the Γ1 function,
of the last section to the case of N oscillators. It reads
ΓN (m) =
"
zN +m2 +m(N − 1)




The constant zN will be xed later. One can also easily verify that this mapping leads to a realization
























= 2 ai . (11)
For a nite N , the O(N + 1) anharmonic oscillator is purely quantum mechanical. For an innite
number of degrees of freedom N !1, on the other hand, it can be used to mimic the quantum eld
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situation of the breaking and restoration of a continuous symmetry.
Using the mapping in eq.(9), one can expand the Hamiltonian of the system in powers of the operators
A, α, b and their hermitian conjugates. One then inherits an expansion of the form H = H(0) +
H(1) + H(2) + H(3) + H(4) + ..., where the superscripts indicate powers of operators without normal
ordering. This expansion is in fact not unique and therefore is not faithful for the preservation of the
symmetries. A more useful approach consists in organizing the expansion into powers of the parameter
N , such that H = NH0 +
p
NH1 + H2 + 1pN H3 +
1
NH4 + ... This is possible if one chooses a
coherent state as a variational ground state for the model
jψi = exp
h
hA1iA+1 + hbi b+
i
j0i. (12)
This trial vacuum state must accommodate two condensates respectively for the Xσ mode and the
newly introduced boson A1 (see ref. [7] for details). The mode α, on the other hand, is not allowed
to condense. The ground state energy, NH0 =
hψjHjψi



























+ gs4 − ηs , (13)
where we have introduced for convenience rescaled condensates s = 1p
N




The coherent ground state is fully xed by requiring that the values taken by the two condensates
above lead to the minimum of H0. The minimization procedure with respect to s and d gives the
following two coupled BCS equations




















 = 0 , (14)










is the gap parameter .
To gather the full dynamics of the leading order in the 1/N -expansion one needs to generate the terms
H1 and H2 of the Hamiltonian. This can be done mechanically using the parameter dierentiation























H2 = H0 + Eσβ+β +
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Here, H0 is a constant. Since one is not particularly interested in the ground state energy, the latter
will not be further specied. The operators ~A1 = A1 − hA1i, β = b − hbi, and ~n1 = ~A+1 ~A1 are the
5
shifted ones which annihilate the coherent state jΨi. The frequency Eσ of the Xσ mode is xed such
that the bilinear part of H2 in the β operators is diagonal. It has exclusively a perturbative character,
and is explicitly given by


































i αi, one can deduce the existence of N uncoupled modes. The common frequency of













These N modes are our rst asymptotic states. Furthermore, it can be easily veried that they have
a Goldstone character. In other words this frequency vanishes in the exact symmetry limit (η = 0),
and for a nite condensate (s 6= 0).
It is evident from the ansatz above that the model suers from infrared divergences. However, since it
is used for demonstrational purposes only, we choose to disregard here this inconvenience. Clearly the
new result, which is of interest to us, is the fact that the new mapping has delivered asymptotic states
in the ideal Fock-space which correspond to the images of the single bosons. This is a non trivial
nding which needs to be stressed again. As shown above, it is a direct consequence of the extended
HPM. It reproduces remarkably well the result anticipated in the introduction, in clear departure from
the usual HPM (see ref. [7]) and in agreement with the Goldstone theorem.
So far, only the mapping of the bilinears in eq.(9) was involved in expanding the Hamiltonian. The
single boson part of the mapping, on the other hand, was not directly used. The latter enters, however,
in the denition of the two-point function hΨjTXpi,i(t)Xpi,i(t0)jΨi, where jΨi is the coherent ground





s(t−t′) hΨjTXpi,i(t)Xpi,j(t0)jΨi = δij 2N Γ
2
N (0)
s − E2pi + iη
. (19)
Using the fact that the residue at the pole has to be 2N Γ2N (0) = 1, leads to zN = N − 2.
Besides these modes there exist non-Goldstone excitations. They can be retrieved by diagonalizing
the remaining part of H2. This is a straightforward procedure which can be found in [7]. In short,
since the non-diagonal part of H2 is at most bilinear in the operators ~A1, ~A+1 , β, β
+, then a generalized
Bogoliubov rotation of the type
Q+ν = Xνβ
+ − Yνβ + Uν ~A+1 − Vν ~A1 , (20)
leads to uncoupled modes at the minimum of the action. This can be done recalling the usual Rowe
equations of motion [15]
hRPAj δQν , H2 , Q+ν  jRPAi = ΩνhRPAj δQν , Q+ν  jRPAi , (21)
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where jRPAi, the full ground state of the theory at this order, is a random phase approximation
(RPA) ground-state, dened by Qν jRPAi = 0. The Hamiltonian can then be written in the RPA
phonon basis, jνi = Q+ν jRPAi, as follows






ΩνQ+ν Qν . (22)
The contribution ERPA = hRPAjH2jRPAi is the RPA correction to the ground state energy. This
will not be given explicitly here. The frequencies Ων are solutions of the characteristic equation of the






1 − 4gEpi 1Ω2ν − 4E2pi
. (23)
In the exact symmetry limit (η = 0), there exist a pair of zero energy solutions among the four RPA
eigenvalues which correspond to two uncorrelated Goldstone modes . This point is secondary to the
present note and therefore will not be discussed further.
4 Conclusion
In conclusion, the bosonic Holstein-Primako mapping was extended to accommodate single bosons.
The mapping was tested on the anharmonic oscillator with broken O(N + 1)-symmetry. It was
explicitly shown that the extension has indeed delivered, to leading order of the 1/N -expansion, N
uncoupled Goldstone as well as RPA phonon modes. This result is novel and inaccessible to the
usual bosonic Holstein-Primako mapping. The latter is only able to deliver RPA phonon modes as
previousely shown in ref.[7]. Furthermore, the present mapping allows a natural and straightforward
extention to nite temperature, as well as, an unambiguous computation of all n-point functions in
the next-to-leading order of the 1/N -expansion. These two points will be discussed in a forthcoming
publication.
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∗Here again, we disregard the infrared problem since the model is only used for demonstrational purposes. The reader
is referred to [7] for a thorough study of these questions in four space-time dimensions.
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